Abstract. In this paper, we investigate the existence of mild solutions and the Ulam stability of these solutions for a class of semilinear fractional differential inclusions with not instantaneous impulses in separable Banach spaces. These results are achieved based on Picard operators and the semigroup theory. An illustrative example is also presented. Keywords. Abstract fractional differential inclusion; Left-sided mixed Riemann-Liouville integral; Caputo fractional order derivative; Mild solution; Impulse.
INTRODUCTION
In applied mathematics, the fractional calculus theory is a powerful tool to study a number of problems in science and engineering. Such problems appear in thermodynamics, finance, astrophysics, bioengineering, hydrology, mathematical physics, biophysics, statistical mechanics, theory of control and cosmology. Recently, fractional ordinary and partial differential equations, and ordinary and partial differential inclusions of fractional orders have been extensively investigated by many authors; see Abbas and Benchohra [1, 2] , Abbas, Benchohra and Nieto [3] , Diethelm and Ford [4] , Wang and Zhang [5] and Xiang, Zhang and Wei [6] and the references therein. Recently the theory of Picard operators was introduced to study fixed point problems, see [7, 8, 9] and references therein. Subsequently, many mathematicians used this abstract approach and it seemed to be a very powerful and useful method in the study of existence, uniqueness, differentiability of solutions of ordinary and partial differential equations and the integral equations and inequalities, etc, see [9] and the references therein. In the study of the stability of Ulam-Hyers type of functional equations, the theory of Picard operators plays a very powerful tool.
What we need is to transform the functional equation under consideration to a fixed point equation. Then, we immediately get the stability of Ulam-Hyers type of the desired equation because the Picard operator is c-weakly. Note that, it is not always possible to transform a functional equation or a differential equation into a fixed point problem. Indeed, this point shows the weakness of this theory. In [10] , Rus used the uniform Picard operators to study the stability problems of Ulam-Hyers type. Hernández and O'Regan in [11] initially studied a class of new abstract semilinear differential equations with impulsive in which there is no instantaneous impulses in a PC-normed Banach space. Meanwhile, many authors studied other new classes of equations in which there is no instantaneous impulses; see [12, 13, 14, 15] and the references therein.
Motivated by these works, we investigate the existence and the Ulam stabilities by using Picard operators theory of the following abstract fractional differential inclusions with not instantaneous impulses
s k u(t) ∈ Bu(t) + F(t, u(t)); if t ∈ I k , k = 0, . . . , m, u(t) = g k (t, u(t − k )); if t ∈ J k , k = 1, . . . , m, u(0) = u 0 ∈ E, (1.1)
Here, we denote by P(E) the family of all subsets of a (real or complex) separable Banach space E and by B the infinitesimal generator of a compact analytic semigroup of uniformly bounded linear operators {T (t); t > 0} in E.
We present sufficient conditions to guarantee the existence of mild solutions and the Ulam stabilities for the abstract impulsive problem (1.1). Also, we provide an example to illustrate our abstract results. To our knowledge, the Ulam stablity of semilinear fractional differential inclusions with noninstantanous impulses by means of the Picard operators have not been considered yet in the literature. So, the present paper initiates the application of Picard operators for the Ulam stability of such class of new problems.
PRELIMINARIES
We introduce, in this section, definitions, notations and preliminary facts which will be needed throughout this paper. Let J = [0, a]; a > 0. We denote by L 1 (J) the space of Bochner-integrable functions u : J → E with the following norm
where · E denotes a suitable complete norm on the separable Banach space E. Also, as usual, we denote by AC(J) and C := C(J) the space of absolutely continuous functions from J into E and the Banach space of all continuous functions from J into E with the norm
respectively. Now, we consider the Banach space PC given by
with the norm
Let r > 0. The left-sided mixed Riemann-Liouville integral of order r of the function u ∈ L 1 (J) has the form
where Γ(·) denotes the Euler's Gamma function given by Γ(ς ) = ∞ 0 t ς −1 e −t dt; ς > 0. In particular,
For instance, I r 0 u exists for all r ∈ (0, ∞), when u ∈ L 1 (J) and (I r 0 u) ∈ C(J) when u ∈ C(J).
We have h ∈ L 1 (J), and
Definition 2.2.
[16] Let r ∈ (0, 1] and u ∈ L 1 (J). The Caputo fractional-order derivative of order r of the function u is defined by
is called the left-sided mixed Riemann-Liouville integral of the function u of arbitrary orders r.
dt u is Bochner integrable on J 1 , the Caputo fractional order derivative of order r of the function u is defined by
In the following, we denote by (X, d) a metric space and by P cl (X) and P cp (X) the following sets P cl (X) = {Y ∈ P(X) : Y is closed} and P cp (X) = {Y ∈ P(X) : Y is compact}.
A multivalued map G : E → P(E) has convex (closed) values if G(x) is convex (closed) for all x ∈ E. We say that G is bounded on bounded sets if G(B) is bounded in E for each bounded set B of E, i.e.,
Finally, G has a fixed point if there exists x ∈ E with x ∈ G(x).
For each u ∈ E, let the set S F•u known as the set of selectors from F defined by
We refer to the books of Deimling [17] , Górniewicz [18] and Hu and Papageorgiou [19] for more information about multivalued maps.
The distance between the two sets A and B is defined by , b) . Then the ordered pair (P b,cl (X), H d ) is a metric space and (P cl (X), H d ) is a generalized (complete) metric space, see [20] . In what follows, we will state some basic definitions and results about Picard operators [9, 22] . Let A : X → X be an operator, where (X, d) is a metric space. F A denotes the set of all fixed points of A. Also, the iterate operators of A is denoted by
Definition 2.7. [9, 22] An operator A : X → X is said to be a Picard operator (PO) if there exists x * ∈ X satisfying (i) F A = {x * }; (ii) The sequence (A n (x 0 )) n∈N converges to x * for all x 0 ∈ X. Definition 2.8. [9, 22] The operator A : X → X is said to be a weakly Picard operator (WPO) if the sequence (A n (x)) n∈N converges for all x ∈ X and its limit, which may depend on x, is a fixed point of A. Definition 2.9. [9, 22] Let A be a weakly Picard operator. We define the operator A ∞ : X → X by
Remark 2.10. It is easy to see that
Definition 2.11. [9, 22] The weakly Picard operator A is called a c-weakly Picard operator if
In the multivalued case, we have the following concept.
Definition 2.12. [23, 24] Let (X, d) be a metric space and let F : X → P cl (X) be a multivalued operator. F is said to be a multivalued weakly Picard operator (MWPO), if for each u ∈ X and each v ∈ F(x), there exists a sequence (u n ) n∈N satisfying
Remark 2.13. A sequence (u n ) n∈N satisfying condition (i) and (ii) in the above Definition is called a sequence of successive approximations of F starting from (x, y) ∈ Graph(F).
If F : X → P cl (X) is a (MWPO), then we define F 1 : Graph(F) → P(Fix(F)) by the formula F 1 (x, y) := {u ∈ Fix(F). There exists a sequence of successive approximations of F starting from (x, y) that converges to u}.
Definition 2.14. [23, 24] Let (X, d) be a metric space and let Ψ : [0, ∞) → [0, ∞) be an increasing function, which is continuous at 0 and Ψ(0) = 0. Then F : X → P cl (X) is said to be a multivalued Ψ−weakly Picard operator (Ψ−MWPO) if it is a multivalued weakly Picard operator and there exists a selection
If there exists c > 0 such that 
b) a multivalued γ−contraction if and only if it is γ-Lipschitz with γ ∈ [0, 1).
Following [26, 27] , we introduce now the definition of mild solution to (1.1).
Definition 2.16. A function u : J → E is said to be a mild solution of (1.
and
ξ q is a probability density function on (0, ∞), that is,
Lemma 2.18.
[27] For any t ≥ 0, operators S r (t) and T r (t) have the following properties:
(a) For any fixed t ≥ 0, S r and T r are linear and bounded operators, i.e., for any u ∈ E,
(b) {S r (t); t ≥ 0} and {T r (t); t ≥ 0} are strongly continuous.
Remark 2.19. By using Definition 2.16, solutions of problem (1.1) are solutions of the fixed point inclusion u ∈ N(u), where N : PC → P(PC) is the multivalued operator defined by
Now, we consider the Ulam stability for fixed point inclusion u ∈ N(u). Let ε > 0, Ψ ≥ 0 and Φ : J → [0, ∞) be a continuous function. We consider the following inequalities Theorem 2.29.
[30] Let P = (Ω, F, P) be a nonatomic probability space, and let H be a measurable set-valued map from Ω to subsets of R n with nonempty closed images. Then the following hold:
(a) The set-valued integral Ω HdP is convex. (b) If H is integrably bounded, then the integral Ω HdP is also compact.
By the above theorem, we conclude with a representation of points in a set-valued integral in the following lemma. 
for every t ∈ J.
RESULTS ON EXISTENCE AND ULAM STABILITIES
In this section, we present the existence of mild solutions and we discuss the conditions under which problem (1.1) is stable in the sense of Ulam. Before stating and proving our main results, let us introduce the following hypotheses.
and F(t, u) ⊂ B(0, 1) := {u ∈ E : u E < 1}; for each u ∈ E and all t ∈ I k ; k = 0, . . . , m. (H 2 ) There exists a constant l F > 0 such that
for each u, v ∈ E and each t ∈ I k ; k = 0, . . . , m. (H 3 ) There exist constants 0 < l g k < 1; k = 1, . . . , m such that
for each t ∈ J k , and each u, u ∈ PC, k = 1, . . . , m. (H 4 ) There exists λ Φ > 0 such that, for each t ∈ J,
Remark 3.1. From (H 1 ), we see that the set S F•u is nonempty for each u ∈ PC because F has a measurable selection (see [32] , Theorem III.6). Proof. Let N : PC → P(PC) be the multivalued operator defined in Remark 2.19. In view of Lemma 2.18, for each w ∈ S F•u and t ∈ I k ; k = 0, . . . , m, we have
Thus, T r (t −τ)w(τ) E is Lebesgue integrable with respect to τ ∈ [0,t] for all t ∈ [0, a]. From Lemma 2.6, it follows that T r (t − τ)w(τ) is Bochner integrable with respect to τ ∈ [0,t] for all t ∈ [0, a]. In addition, in view of the fact that the functions g k ; k = 1, . . . , m, are continuous and the operators {S r (t); t ≥ 0} and {T r (t); t ≥ 0} are strongly continuous, and Theorem 2 in Rybiński [33] , we have that the function h ∈ PC defined by
has the property h ∈ N(u). We shall show that N satisfies the assumptions of Lemma 2.28. From (H 1 ), via Lemma 2.30, we have that N(u) is a compact set, for each u ∈ PC. It remains to show that N is a contractive multivalued operator. Let u ∈ PC and (h n ) n≥0 ∈ N(u) such that h n −→ h in PC. Then, h ∈ PC and there exists f n ∈ S F,u such that, for each t ∈ J,
Using the fact that F has compact values and from (H 1 ), we may pass to a subsequence if necessary to get that f n (.) converges to f in L 1 (I k ); k = 0, . . . , m, and hence f ∈ S F•u . Then, for each t ∈ I k ; k = 0, . . . , m, we have h n (t) −→ h(t), where
So, h ∈ N(u).
Next, we show that N is a contraction multivalued operator. Let u, u ∈ PC and h ∈ N(u). Then, there exists f ∈ S F•u such that, for each t ∈ J,
From (H 2 ), it follows that
Hence, there exists w(t) ∈ F(t, u(t)) such that
We consider U : I k → P(E) given by
Since the multivalued operator U(t) ∩ F(t, u(t)) is measurable (see Proposition III.4 in [32] ), there exists a function f (t), which is a measurable selection for u. So, f (t) ∈ F(t, u(t)), and for each t ∈ I k ; k = 0, . . . , m, we have
Let us define, for each t ∈ J,
It follows that
This implies that h −h PC ≤ F u −u PC . By an analogous relation, obtained by interchanging the roles of u and u, it follows that
Using (3.1), we conclude that N is a F −contraction. Consequently, by Lemma 2.28, N has a fixed point which is mild solution on J of (1.1), N is a (c N − MW PO) with c N = 1 1− F and the fixed point inclusion u ∈ N(u) is Ulam-Hyers stable. Now, we prove the generalized Ulam-Hyers-Rassias stability of u ∈ N(u). Let v be a solution of (1.1). Then, there exists f v ∈ S F,v such that
Let u ∈ PC be a solution of (2.2). For each t ∈ I k , k = 0, . . . , m, we have
and for each t ∈ J k , k = 1, . . . , m, we have
Letting h ∈ N(u), we see that there exists f ∈ S F,u such that
By an analogous relation, obtained by interchanging the roles of u and v, it follows that
Hence, for each t ∈ J, we get
From Lemma 2.31 and (H 4 ), there exists a constant δ 1 := δ 1 (r) such that
Thus, for each t ∈ [0,t 1 ], we get
and φ :
It is known that B is the infinitesimal generator of an analytic semigroup on E (see [34] ). Then
where
Clearly B generates a compact semigroup T (t); t > 0 given by
e −n 2 t < w, e n > e n ; w ∈ E.
For x ∈ [0, π], set u(t)(x) = z(t, x); t ∈ [0, 3], u 0 (x) = z(0, x) = φ (x), Bu(t)(x) = ∂ 2 z ∂ x 2 (t, x); t ∈ [0, 1] ∪ (2, 3], F(t, u(t))(x) = F(t, z(t, x)); t ∈ [0, 1] ∪ (2, 3], g(t, u(t))(x) = g(t, z(t, x)); t ∈ (1, 2].
Thus, under the above definitions of φ , A, F and g, the system (4.1) can be represented by the functional abstract problem (1.1), and solutions of (4.1) are solutions of the fixed point inclusion u ∈ ϒ(u) where Consequently, u ∈ ϒ(u) is stable in the sense of the generalized Ulam-Hyers-Rassias.
CONCLUSION
In this paper, we provided sufficient conditions for the existence of mild solutions and the Ulam stability of these solutions for a class of semilinear fractional differential inclusions with not instantaneous impulses in separable Banach spaces. The notion of Picard operators and the semigroup theory are the main tools for the proof of the main results. An illustrative example was also presented.
